
PLASTICITY (STRENGTH) CONDITION FOR A REINFORCED LAYER 

Yu. Vo Nemirovskii 

A la rge  number  of s tudies ,  a s u m m a r y  of which may  be found in [1-4], have been devoted to con-  
s t ruc t ing  s t rength  and p las t ic i ty  c r i t e r i a  for  an iso t rop ic  m a t e r i a l s .  All these  c r i t e r i a  have been formula ted  
without r e g a r d  to the nature  of the anisotropy, and the admiss ib i l i ty  of the i r  use for  pa r t i cu l a r  c l a s se s  of 
m a t e r i a l s  r equ i r e s  careful  analysis~ 

The mechanical  p rope r t i e s  of the r e in fo rced  m a t e r i a l s  obviously depend on the p r o p e r t i e s  of the 
bonding ma te r i a l  and the re in forc ing  e l emen t  ma te r i a l s ,  on the nature  of the re inforc ing  and its peroentage  
content.  All these dependences mus t  be re f lec ted  in one fo rm or  another  in the p las t ic i ty  conditions.  

An approx imate  account  for  such re la t ions  can be made by introducing, as in [3, 4], a suff icient  
number  of exper imenta l ly  de te rmined  ma te r i a l  constants  into some hypothetical p las t ic i ty  condition. We 
note that for  any change of the composi t ion m a t e r i a l s ,  na ture  of the re inforcing,  or  i ts  pe rcen tage  content 
the need a r i s e s  for  new expe r imen t s  to de te rmine  these  constants .  

Another approach is to cons t ruc t  a model of the re in fo rced  ma te r i a l ,  accounting for  its s t ruc tu re ,  
p rope r t i e s  of the elements ,  and pecu l ia r i t i es  of the i r  behavior ,  and then de te rmine  the p las t ic i ty  condition 
for  the ma te r i a l  composi t ion which is r e f l ec ted  by the adopted model .  

This approach,  used in the following, opens up the way to regulat ion of the re in forc ing  in o r d e r  to 
improve  the s t rength  p rope r t i e s  of the r e in fo rced  m a t e r i a l s .  

I. By re in fo rced  l aye r  we mean  a compara t ive ly  thin plate consis t ing of an i so t rop ic  ma te r i a l  with 
a re inforc ing  l aye r  imbedded in it. The re inforc ing  l aye r  is a network of fine, one-dimensional  f i laments  
a r r anged  in d i rec t ions  forming the angles ak(k = 1, 2 . . . . .  m) with the di rect ion which we h e r e a f t e r  denote 
by the subsc r ip t  1. 

We a s s u m e  that: 

1~ The ma te r i a l  of all the e l emen t s  compr i s ing  the re in fo rced  l a y e r  will be r igid idea l ly -p las t i c  
and in the general  case  d i f ferent  for  each e lement ;  

2. The number  of r e in forc ing  e lements  is suff icient ly l a rge  that the re in fo rced  l aye r  can be con-  
s ide red  quasiuniform;  

3. In r e g a r d  to composi t ion joining we a s s u m e  ideal adhesion, i .e. ,  absence  of s l ip between the 
binding and re in forc ing  e lements ;  

4. The distance between the re inforc ing  e lements  is sufficiently la rge  in compar i son  with the i r  
d imensions ,  and at  the s ame  t ime  suff icient ly smal l  in compar i son  with the d imensions  of the plate,  that 
local  effects  nea r  the f i laments  and i r r e g u l a r i t y  of the deformat ion  between two neighboring f i laments  can 
be neglected;  

5. We p o s ~ l a t e  that  each f i lament ,  if it belongs to the s y s t e m  of f i laments  embedded into the ma te r i a l ,  
is capable of withstanding both tensi le  and c o m p r e s s i v e  fo r ce s .  However,  s ince some  instabi l i ty  mode 
may  a r i s e  under the act ion of a c o m p r e s s i v e  force ,  the e las t ic  (strength) l imi t s  of the f i laments  in tension 
and c o m p r e s s i o n  a r e  cons idered  to be di f ferent .  

Novosibirsko Trans la ted  f rom Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiz iki ,  Vol. 10, No. 5, 
pp. 81-88, Sep tember -Oc tobe r ,  1969. Original a r t i c le  submit ted  May 30, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

759 



C 8 

F ig .  1 

Le t  c0k be the dens i ty  of the r e i n f o r c i n g  f i l aments  in the d i r ec t ions  f o r m i n g  
the angles  a k with the d i r ec t ion  1, le t  co z be the dens i ty  of the r e i n f o r c i n g  l a y e r  
with r e s p e c t  to the p la te  th ickness ,  h the th ickness  of the r e i n f o r c e d  l a y e r .  We 
denote  the p r inc ipa l  d i r ec t ions  of the o r thogona l  coord ina te  s y s t e m  in the plane of 
the plate  by the s u b s c r i p t s  1 and 2. Then  the in te rna l  f o r c e s  in the compos i t e  l a y e r  
a r e  

m 

~ = aa~ ~ + ~ o ) ~ l ~ l ~ ,  i, ] = t ,  2 

~ = T ~ i / h ,  l~ = cosa~, le~ = sinai, 0 ~ a ~ n  (1.1) 
nkF k 

0)2= AFh ' a ~ l - -  (~ 

Here  Tij a r e  f o r c e s ,  (rij ~ a r e  the s t r e s s e s  in the f i l l e r ,  ~k a r e  the s t r e s s e s  in the r e i n f o r c i n g  f i l a -  
m e n t s ,  F k a r e  the a r e a s  of  the r e i n f o r c i n g  e l e m e n t  c r o s s  s ec t ions ,  n k is the n u m b e r  of r e i n f o r c i n g  e l e m e n t  
f i l aments  with index k on the s e gm e n t  AF (Fig.  1)o 

F o r  smal l  de fo rma t ions ,  on the bas i s  of the a s s u m p t i o n  of absence  of s l id ing  we obta in  the fol lowing 
re l a t ionsh ips  be tween the de fo rma t ion  r a t e s  ek of  the angled  r e i n f o r c e m e n t  e l emen t s  and the de fo rma t ion  
r a t e s  cij  of the f i l l e r  l a y e r  

e~ = enl~ J + gl2/lkl2k "@ 822/2h 2 (1.2) 

Le t  us a s s u m e  that  the f i l l e r  m a t e r i a l  is i so t rop ie ,  has  in the genera l  ea se  d i f fe ren t  p r o p e r t i e s  in 
t ens ion  and c o m p r e s s i o n ,  and obeys  the Balandin p l a s t i c i ty  condi t ion [5]. Then fo r  the plane s t r e s s  s ta te  
of an ideal ly  r ig id  p las t i c  body [5, 6] we have 

- - 0 "  ~ o 0"11 ~ 11 22 + a ~  ~ + 3e% ~ - -  (O o-  - -  C~ + )  ( , h l  ~ + 0~2 ~ - -  (~0-e'0 + = 0 ( ] . 3 )  

en _ ~(2~no __ (~o + ~o~_ao_), %~ -- ~, (2%~ ~ - -  an  ~ + %* --  ao-),  e~ = 6~a~ ~ (1.4) 

Here  a0 • a r e  the y ie ld  l imi t s  of the b inder  in t ens ion  (plus) and c o m p r e s s i o n  (minus),  X is a pos i t ive  
mul t ip l i e r .  

Equat ion (1.3) will be sa t i s f i ed  iden t ica l ly  if  we take 
- -  ( j  o fill ~ @ G0 ~ (J-O = 2/a }f~% COS (0 --  ~/~ n) sin % 1~ i/a tf3%cos (~ (1.5) 

%o _~_ (~+ __ ao- = ~/~]/ga0 cos (0+ ~/~r~)sinT 

- -u  ~ 0 ~ n, 0 ~ T ~ n, co ~ = (~o-) ~ + (~o+) ~ a+~o - (1.6) 

F r o m  (1.4) we have 

s n = 2~% cos (O --  ~]a n) sin % %~ = 2)~a0 cos (0 + i/~ g) sin T, 812 = 2 V 3  ~60 COS ~9 (1.7) 

We see  f r o m  (1.6) and (1.7) that  

e n ) 0 ,  e ~ > O  for - ~ ] ~ < 0 < % n  
e l ~ < O ,  ~ < 0  for % ~ < •  
e n ~ 0, %2 ~ 0  for '/6 g ~ 0  ~5 /~  ~z (1.8) 
e n ~ 0 ,  e 2 2 ~ 0  for - -  5 / 6 n ~ 0  ~ - -  t / sg  

sin > 0  for 0 - ~ q ~ / ~  ~, e 1 2 ~ 0  for ~/~ ~ ( ~  (1.9) 

F r o m  (1:1) and (1.3), cons ide r ing  the condi t ions  fo r  uniaxia l i ty  of the s t r e s s - s t r a i n  s ta te  in the 
r e i n f o r c i n g  e l emen t s  and the poss ib i l i t i e s  f o r  the s igns  of the s t r a i n s  in these  e l emen t s  in a c c o r d a n c e  
with (1.8), (1.9), (1.2), in the genera l  case  we obtain the l imi t ing  r e l a t ions  

(al l  - -  k n )  2 - -  ( a l l  ~ k n )  ( ( Y ~  - -  k ~ , )  -1- (a2~ - -  k~2)2-1 - 3 (a12  - -  k~2) ~ = ( a  00) 2 

m 

k n  = a (~o- - -  ao') + ~ ,  ~%a~•177 2, kl~ = ~ c%ak• 

k2~ = a (60- - -  ~o*) + ~ ,  r177177 ~, a~ + = i ,  a k- ---- - -  i 
k ~ l  

Here  Ok* a r e  the y ie ld  l imi t s  of the r e i n f o r c i n g  e l e m e n t s  in t ens ion  (+) and c o m p r e s s i o n  (-).  

( 1 . 1 o )  
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The ques t ion  of the choice  of the upper  s igns  fo r  0.k • is r e s o l v e d  in a c c o r d a n c e  with the s igns  of the 
~t ra ins  ek.  The r eg ions  of  choice  of p a r t i c u l a r  s igns  as  a funct ion of the p a r a m e t e r s  0 and q) fo r  given 
values of the r e i n f o r c e m e n t  angles  a k can be e s t ab l i shed  us ing  (1.2), (1.8), (1.9). 

Since in the genera l  case  the quant i t ies  ak • a r e  independent  of  one another ,  (1.10) in the 0.tl, (722, 0"12 
s t r e s s  space  defines 2 m e l l ipso ids ,  which  a r e  obtained by a pa ra l l e l  shif t  of the e l l ipso id  (1o3). 

In addit ion to the l imi t ing  r e l a t ions  (1.10), which  c o r r e s p o n d  to full u t i l iza t ion of the c a r r y i n g  
capabi l i ty  of all the r e i n f o r c i n g  e l emen t s  and the f i l l e r  l a y e r ,  s eve r a l  l imi t ing  re la t ions  a r e  poss ib le  
which  c o r r e s p o n d  to the s t i f fness  condi t ions  of  the r e i n f o r c i n g  e l emen t s  of  any d i rec t ion .  

A s s u m e  the r e i n f o r c i n g  e l e m e n t s  which f o r m  the angles  a~ k with the axis  1 r e m a i n  r ig id .  In this 
ca se  the s t r e s s  ~k r e m a i n s  undefined and the s t r a i n  r a t e  ek = 0, Consequent ly ,  f r o m  (1.2) and (1.7) 

[ l l~cos  ( 0 - -  i/a g) + l~k ~ cos (0-~ t/a g)] sin (p + | f 3  llnl2hcos q~ ----0 (1.11) 

F o r  a g iven value  of  the r e i n f o r c e m e n t  angle oq~ this equat ion makes  it  poss ib le  to find qo in t e r m s  
of 0. Then (1.1) define the t h r ee  quant i t ies  0.1i, 0.22, crl2 in t e r m s  of the two p a r a m e t e r s  0 and o" k and, 
consequent ly ,  y ie ld  the final l imi t ing  r e l a t i on  be tween  the quant i t ies  fill, 0.22, 0.12. We shal l  omi t  he re  the 
f u r t h e r  ca lcu la t ions  lead ing  to exc lus ion  of the p a r a m e t e r s  0 and o.k. It is  not  diff icul t  to r e c o v e r  these  
e x p r e s s i o n s  if  n e c e s s a r y .  The c o r r e s p o n d i n g  ope ra t ions  will  be d e m o n s t r a t e d  below us ing p a r t i c u l a r  
e x a m p l e s .  In so doing we m u s t  b e a r  in mind  that  in (1.1) we m u s t  se t  r = an ~: an  ~ fo r  all 0 and q) fo r  
which a n •  n > 0, i .e . ,  

a,~ +- [[lln 2 cos (0 --  1/sn ) -}- lo_n ~ cos (0 + 1/3n)] sin qD ~ ]f-3ttnl2n cos (p} ~ 0, 
a~• = ~ t ,  n = t ,  2 . . . . .  in, n ~ k  (1.12) 

In the a l l ,  at2, a22 space  the l imi t ing  r e l a t ions  c o r r e s p o n d i n g  to this case  define cy l ind r i ca l  s u r f a c e s  
with g e n e r a t o r s  pa ra l l e l  to the d i r ec t ion  of the r ig id  f i l amen t s .  

F ina l ly ,  the case  is poss ib le  in which  s o m e  two f ami l i e s  of the r e i n f o r c i n g  f i l aments  r e m a i n  r ig id .  
Equat ing in this case  e k to z e r o  fo r  two c o n c r e t e  va lues  of k ffor example  1 and 2) and us ing  (1.2) and (1.7) 
we define the p a r a m e t e r s  0 and (P. Then the quant i t ies  a i j  ~ r and 0.k ffor k > 2) b e c o m e  known, while  
the s t r e s s e s  a t  and 0.2 in the r ig id  f i l aments  r e m a i n  unde t e rmined .  Then,  excluding 0.i and ~r2 f r o m  (1.1) 
we obtain a l i n e a r  r e l a t i o n  be tween  the quant i t ies  0.ij, which  defines a plane in the 0.~1, 0.~2, 0.22 space .  
M o r e o v e r  the s t r a i n  r a t e  v e c t o r  with the componen ts  r will  be o r thogona l  to this plane.  

We see  f r o m  (1.3) and (lo4) that  fo r  an i s o t r o p i c  b inder  the l im i t  su r f ace  in s t r e s s  space  has  the 
f o r m  of a convex e l l ipsoid  and the a s s o c i a t e d  s t r a i n  law c o r r e s p o n d s  to the condit ion of o r thogona l i ty  of 
the s t r a i n r a t e  v e c t o r w i t h  the componen t s  ~1i, g22, ~12 tO the e l l ipos id  at  a given point  on the s u r f a c e .  

F o r  the r e i n f o r c e d  l a y e r  the combined  l imi t  s u r f a c e ,  be ing convex,  cons i s t s  in the genera l  case  of a 
l a r g e  number  of p i eces  of d i f fe ren t  ana ly t i c  sur faces ,  and the s t r a in  law, as  we see  f r o m  the cons t ruc t i o n  
of the l im i t  s u r f a c e ,  aga in  c o r r e s p o n d s  to the condit ion of o r thogona l i ty  of the s t r a i n  r a t e  v e c t o r  with the 
componen t s  ell ,  ~12, ~22 to this s u r f a c e  on each  of its p i e c e s .  

II. Le t  us examine  the p a r t i c u l a r  case  in which 

m = 4 ,  o12 = 0 ,  cr = 0 ,  a~ = ~ /  2,r : ~ 4  =r  a8 = a ,  a4 = ~ - - a  

Then 

o)a(~3118123 = - -  o)~(~4114l~ , ~ = ( ~  = ~ ,  k~ = 0 ,  (r~ ~ : 0 ,  T = : ~ / 2  

The angled r e i n f o r c e m e n t  e l emen t  s t i f fness  condi t ion (1.11) takes  the f o r m  

costa cos ( 0 - -  t/~Z) @ sin~a cos (O + ~/~rc) = 0  (2ol) 

This  equal i ty  is poss ib le  only fo r  l/~ ~r < 0 < ~/~ ~ror _5/~ ~r <0 < _l/~ ~r. But in the f i r s t  case  ~li > 0, 
~22 < 0,and 0.t = - 0.t+, ~2 : - 0.2-, while in the second  c a s e  Ell < 0, 822 > 0, and 0.~ = - 0.~-, 0.2 = 0.2 +. 

Subst i tut ing these  va lues  toge the r  with (1.5) into the f i r s t  two equal i t ies  (1.1) and excluding a = 0.~ = 0.~ 
and 0 with the aid of (2.1), we obta in  

1 ~  + a (oo + - ~0-)  • ( % ~ 1  cos~ ~ - [ o~  + a (o0 + - ~o-)  
(2.2) 

(%(~• sin ~ a = -~- i/eV~a(Y 0 (1 + 3 COS ~ 2a) 
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w h e r e  the  u p p e r  s igns  c o r r e s p o n d  to v a l u e s  of the p a r a m e t e r  0 f r o m  the i n t e r v a l  
i / s  ~< 0 < 5 / s t ;  the  l o w e r  v a l u e s  a r e  f o r  t hose  f r o m  the  i n t e r v a l  - ~ / s  ~< ~ < - l / s  ~. 

In  the c a s e  of r e i n f o r c i n g  e l e m e n t s  wh ich  a r e  s t i f f  in the  d i r e c t i o n s  ] and 
2, we have  s i m i l a r l y  

~ = -~ (oi~i ~. ~- a ((rot ~ ~o + :~ ~/~]/~5 (Y0) (i = ~,2) (2.3) 

Thus ,  An the  p a r t i c u l a r  e a s e : i n q u e s t i o n  the l i m i t  c u r v e  in the  ~II ,  0"22 
p l ane  i s  de f ined  by  (1.10), (2.2), (2.3). 

The  f o r m  of th i s  cu rve  is shown s c h e m a t i c a l l y  by the cont inuous  c u r v e  in 
F i g .  2. He re  the a r c s  MA, BC, DE, F G ,  HJ,  K L  a r e  de f ined  by  (1.10), the 
s t r a i g h t  l i n e s  AB and GH, ML, and E F  a r e  de f ined  by  (2.3), and  the s t r a i g h t  
l i n e s  CD and JK a r e  de f ined  by  (2.2). If in  a p a r t i c u l a r  c a s e  the T r e s c a  c o n d i -  
t ion  [51 i s  u s e d  a s  the  b a s i c  p l a s t i c i t y  cond i t i on  f o r  the i s o t r o p i e  m a t e r i a l  of 
the  f i l l e r  l a y e r ,  the l i m i t  c u r v e  fo r  the  r e i n f o r c e d  l a y e r  wi l l  have  the  oc t agon  
f o r m  shown s c h e m a t i c a l l y  in F i g .  2 by  the d a s h e d  l ine  [6]. 

In the  a b s e n c e  of r e i n f o r c i n g  e l e m e n t s  in  a p a r t i c u l a r  d i r e c t i o n ,  the 
c o r r e s p o n d i n g  p a i r s  of s t r a i g h t  l i n e s  in  F i g .  2 d e g e n e r a t e  into po in t s ,  and the  
a r c s  connec t ed  by  t h e m  m e r g e  when e x t e n d e d .  Thus ,  in  the  a b s e n c e  of the  

a n g l e d  r e i n f o r c e m e n t  e l e m e n t s  (co = 0) the  s t r a i g h t  l i n e s  DC and JK d i s a p p e a r ;  for  c01 = 0 the  s t r a i g h t  l i n e s  
AB and GH d i s a p p e a r .  The  s u g g e s t e d  a p p r o a c h  m a k e s  i t  p o s s i b l e  to i n d i c a t e  the  r e g i o n  of v a r i a t i o n  of the 
r e i n f o r c e m e n t  p a r a m e t e r s  and l o a d s  fo r  which  a p a r t i c u l a r  p o r t i o n  of the l i m i t  c u r v e  o r  s u r f a c e  i s  
r e a l i z e d ,  and ~hereby m a k e s  At p o s s i b l e  to  r e g u l a t e  the  n a t u r e  of  the  s t r u c t u r e  r e i n f o r c e m e n t  fo r  the  g iven  
l o a d i n g  c o n d i t i o n s .  Thus ,  fo r  e x a m p l e ,  fo r  the  s t r a i g h t  l i ne  AB in F i g .  2 we have  fo r  ~0 + = ~0- = ~r0 

sn = 0 ,  ~ = 0 ,  e~ = e ~ O ,  

o. ~ ~ = m = o + ,  -m-<m<.F 
So tha t  

F o r  a g iven  v a l u e  of a ~  th i s  i n e q u a l i t y  de f ines  the r e l a t i o n s h i p  b e t w e e n  the  r e i n f o r c e m e n t  p a r a m e t e r s  
f o r  which  the l ong i tud ina l  s t r u c t u r e  does  not  e x h a u s t  the  l o a d  c a r r y i n g  c a p a b i l i t y .  

HI. L e t u s  e x a m i n e  a s  the s e c o n d  e x a m p l e  the  p a r t i c u l a r  c a s e  m = 4, a I = 0, a 2 = i / ~ v ,  0-0 + = 0 - 0 -  = 0-o, 

al~ = 0, 811 = 0, which  c o r r e s p o n d s  to the p r e s e n c e  of r i g i d  r e i n f o r c e m e n t  in d i r e c t i o n  1 in the  a b s e n c e  of 
the  c o r r e s p o n d i n g  l o a d .  In th i s  c a s e  p a r t  of the  l i m i t  r e l a t i o n s  a r e  de f ined  by  the e q u a l i t i e s  

( ~  - -  k~.) ~ + 4 (~l~ - -  ~ ) ~  = % (~o~) ~ ( 3 . 1 )  

whi le  the  r e m a i n i n g  r e l a t i o n s  c o r r e s p o n d  to the  c a s e s  8 3 = 0, e4 = 0, 822 -- 0. 

L e t  us  e x a m i n e  t h e s e  c a s e s  in m o r e  d e t a i l .  We have  f o r  ~1I = 0, e l l  = 0 

~3 = e~2 s in  2a~ (~ - -  2 c tg  (p c tg  a~), s~ = e~  sin ~ ~ (~ - -  2c tg  (p c t g  r 

0 ~-- _n (2 :~: 3) ~ii ~ = - -  ~ ~ ~  ~ 4-  ]/'3~o" sin T, ~is ~ ~- -~r~'~Q cos q~ 
6 ' 2 ~ 3 3 

L e t  0 = 5 / ~ .  Then  e22 < 0, ~2 = - a~ - .  If  in th i s  c a s e  83 = 0, we ob ta in  f r o m  (3.2) 

9 = 9~ = ~ / ~  - -  a rc  t g  (~/~ tg  ~ ) ,  g4 = e~  s in  ~ a~ (i - -  2 c t g ~ l  c tg  a~) 

(3.2) 

(3.3) 

(3.4) 

F o r  a known v a l u e  of a3 the  s i gn  of g4 i s  known,  and then  the  s t r e s s  ~4 i s  equal  to the y i e l d  l i m i t  in 

t e n s i o n  o r  c o m p r e s s i o n .  

C o n s i d e r i n g  th i s  s i t u a t i o n  and s u b s t i t u t i n g  (3.3) fo r  go = go1 into  (1.1), a f t e r  exc lud ing  g3 we ob ta in  

the  l i m i t  r e l a t i o n  

2 ) f 3  (~1~ sin ua - -  ~2~ cos aa) = 2 (2ao s in  (h  + ]/~3(oe~- - -  ~ ) a ~ a  s in  ~ u4) cos a3 ~- (2ao cos ~ d- ~f3co~,  s in 2u4) s in  ua (3.5) 

S i m i l a r l y ,  in  the c a s e  84 = 0 we ob ta in  

2 ]/3 (~1~ sin a4 - -  r cos a4} = 2  (260 sin (p~ -{- V-3a2~- - -  I/-3os~s sin g az) cos g4 ~- (2zo cos ~ d- ]/-3~za sin 2~s) sin a~ (3.6) 
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H e r e  ~2 e q u a l s  

9,~ = i/z ~ _ arc tg (1[ z tg aa) 

and  ~3 e q u a l s  t he  y i e l d  l i m i t  in  t e n s i o n  o r  c o m p r e s s i o n ,  d e p e n d i n g  on 

t h e  s i g n  o f  t h e  q u a n t i t y  

e 3 = e~ sin ~ ~3 (t --  2 ctg q~ ctg a~) (3.7) 

In  t h e  s a m e  f a s h i o n  we  o b t a i n  f o r  0 = I/~ ~r the  two  l i m i t  r e l a t i o n s  

2 ~f~(z~ cos ua - -  ~t~ sin ~a) = 2 (2z0 sin ~1 -~ ]/g0)~2 + 

+ V3(0az~ sin 2~) sin u3 ~- ~f3co~z, sin ~ ~)  cos aa - -  (2z0 cos (pi 

-]- ]/'3o),za sin 2ua) sin ~ta (3.8) 

2 ~/'3 (~n cos ~a --  ~i~. sin aa) = 2 (2~o sin ~ + V-30i2~z* 

+ V3(o,~ sin e as) cos u, --  (2z0 cos ~ -+- )f3o)aza sin 2us) sin a~ (3.9) 

H e r e  a~, a t  a r e  a l s o  e q u a l  to  t he  y i e l d  l i m i t s  in t e n s i o n  o r  
c o m p r e s s i o n ,  d e p e n d i n g  on the  s i g n s  of  t he  q u a n t i t i e s  es,  e4, d e f i n e d  
b y  (3~ and  (3.7).  H e r e  w e  m u s t  b e a r  in m i n d  tha t  in t he  p r e s e n t  

c a s e  E22 > 0. 

In  t he  c a s e  ~22 = 0, El l  = 0 w e  h a v e  

(~ ~ O, g ,  Oil ~ = 0~2 ~ = q o -  - -  gO t , Oil ~ = "4- 1/3~/~KIO,E3 = 1 / 2  sin 2 a 3 ,  8 4 = i/2 sin 2a~ 

and  the  s t r e s s e s  al ,  a2 a r e  i n d e t e r m i n a t e .  F o r  a k n o w n  v a l u e  of  t he  
r e i n f o r c e m e n t  a n g l e s  a ~  ~ ~ t h e  s i g n s  of  e~ and  ga, and  t h e r e f o r e  the  

q u a n t i t i e s  a~, a4 a s  w e l l ,  a r e  k n o w n  in  t he  l i m i t  s t a t e .  And  in t h i s  

c a s e  t he  l i m i t  s t a t e  

ore. = -N i/a V'3a(~o -~- i/.~ (of13 sin 2a~ + r sin 2<z~) ( 3 ,  ] 0 )  

H e r e  aa and  at a r e  e q u a l  to the  y i e l d  l i m i t s  in  t e n s i o n  and  
c o m p r e s s i o n ,  d e p e n d i n g  on the  s i g n s  of  ~ and  ~4. 

T h e  f o r m  of  t he  l i m i t  c u r v e  in  the  at2, a22 p l a n e  f o r  the  p a r t i -  
c u l a r  c a s e  in  q u e s t i o n  i s  s h o w n  s c h e m a t i c a l l y  in  F i g .  3. T h e  s t r a i g h t  

l i n e s  A B  a n d  GH a r e  d e f i n e d  by  (3.10), the  s t r a i g h t  l i n e s  CD, E F ,  J-K, 

L M  a r e  d e f i n e d  by  (3.5), (3.6), (3.8), (3.9), and t h e  c u r v e s  MA,  BC,  

D E ,  F G ,  I-IJ, KL a r e  d e f i n e d  b y  (3.1).  

H e r e ,  f o r  e a c h  s e g m e n t  of  the  l i m i t  c u r v e  we  c a n  i n d i c a t e  t h e  

c o r r e s p o n d i n g  r e g i o n  of v a r i a t i o n  of  the  l o a d s  and  r e i n f o r c e m e n t  
p a r a m e t e r s .  F e r  e x a m p l e ,  l e t  us  e x a m i n e  the  h o r i z o n t a l  s t r a i g h t  l i n e  s e g m e n t  A B  in  F i g .  3 in  t he  c a s e  

0 - < ~ l - ~ l / 2 7 r ,  l/21r-< a2-<Tr. T h e n  i t  i s  n o t  d i f f i c u l t  to s e e  t h a t  a i lO= 0, c ~ = o ~  +, a 4 = - ( r 4 - ,  a 2 2 ~  - _< 

at -<at  +, - a 2  -<- a2 -< a2 + and ,  c o n s e q u e n t l y ,  

If ,  in  a d d i t i o n ,  w e  t a k e  

~a + ~ k~s- ~ ~4 + ~ k~- = ~+ = kzl- = ~2 + = k~.)- (k ~ t) 

w e  o b t a i n  
--oxk g o) (i --  k) cos2a ~ ~)l 

~a)2o+k g o22 -- (%o + (l --  k) sin~ ~ 0)z(~+ 

S i m i l a r  i n e q u a l i t i e s  can  be  o b t a i n e d  f o r  e a c h  of  t h e  s e g m e n t s  of  t he  l i m i t  c u r v e  in F i g .  3o 

L e t  us  e x a m i n e  the  c a s e  of  a u n i d i r e c t i o n a l  r e i n f o r c e d  m a t e r i a l  w h i c h  is  s t r e t c h e d  by  a f o r c e  w h i c h  

f o r m s  t h e  a n g l e  c~ w i t h  the  r e i n f o r c e m e n t  d i r e c t i o n .  T h e n ,  s e t t i n g  i n  (1.1) w n = 0 (n = 2 . . . . .  m) ,  o) i = co, 

at = a, a12 = a22 = 0, ~ I  = ~ and  c o n s i d e r i n g  (1.5), we  o b t a i n  f o r  ao + = ao-  = ao 

(ql = 2/3V'ga0 acos  (0 - 1/6 g) sin r + (o(~ cos 2 a (4.1) 

: /3] /3-a~oacos(O + l~ 6 g)  sin (~ @ ~oa sin 2 a = 0, 1/3) f3aaoCOS(p  @ U2 o)a sin~a = 0 (4.2) 

E x c l u d i n g  co~ f r o m  (4.2), we  o b t a i n  (a  ;~ l/2~r , q ~  1/2 lr) 
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2 cos (0 + 1/6 ~) = ctg T tg a (4.3) 

If the reinforcing elements remain  rigid, f rom the condition el = 0 with 
account for (1.2) and (lo7) we obtain 

] f 3 t g  0 = t + 6 cos 2 a (4.4) 

Equations (4.1), (4.3), (4.4) together define the l imit  tensile force  of the 
re inforced  layer  in the case in which the re inforcing elements remain  rigid.  
The curve of ~u/aa0 versus  ~ calculated f rom these equations is shown by the 
continuous curve in Fig.  4. With the aid of (4.2), (4.3), (4.4) we can now calculate 
as a function of ~ the magnitude of the forces  which a r i se  in this case in the 
re inforcing e lements .  The corresponding curve is shown in Fig. 5. This curve 
defines the maximal rational strength of the re inforcing elements .  Fur ther  
increase  of their  s t rength does not lead to increase  of the mater ia l  s t rength.  
Therefore  the continuous curve in Fig.  4 will be the theoret ical  mater ia l  strength. 
We note that in (4.3) and (4.4) it was assumed that oz ;~ 1/2 g gar 1/2~ro If ~ = 1 / 2 %  

go = 1/27r , then it is easy to see that we have 

If for given re inforcement  density and angle the yield (strength) l imit  of 
the re inforc ing element  mater ia l  is such that the quantity r l ies below 
the curve in Fig.  5, then exhaustion of the load car ry ing  capability of the r e in -  
forced layer  is accompanied by exhaustion of the load ca r ry ing  capability of the 
reinforcing e lements .  In this case we obtain the l imi t  load for a given value of 
~o~/acr0 with the aid of (4.1), (4.3), and the second equation (4.2). The co r re spond-  
ing curves for ~o~/acr 0 = 0.2, 0.6, 1.0, 1.4 a re  shown dashed in Fig. 4. 

It may be shown s imi la r ly  that the shear  yield l imit  in the case of r igid 
re inforc ing elements  is defined by the equality 

~z.. 4 sin 0p cos B 
a:o 3 sin 2u 

In this case the quantifies ~, 0, and w~/a~0 are  found f rom the equalities 

tg0 = ~3cos2~, ctg~ = --(~+3c~176 cog / ago = - -2  sinc~cos 0 
]f;~ sin 'z a 

The corresponding theoretical strength eurves are shown by the continuous curves in Figs. 

6 and 7. 

However, if exhaustion of the load ca r ry ing  capability of the re inforced  l aye r  is accompanied by 
exhaustion of the load car ry ing  capability of the re inforcing elements ,  then the yield (strength) l imit  for 
the given values of o~ff/acr0 is defined by the equality 

al~ / aao ---- 113]/r3 cos q~ ~ ~OG / aao sin 2a 

where ~ is found f rom the equality 

(p = -- arc sin ~OG / 2Goa cos 0, 0 = arc tg (If3 cos 2a) 

The corresponding curves for  ~oa/ae0 = 0.2, 0.6, 1.0 are  shown dashed in Fig.  6. 

It was assumed above that a ~ 0, 1/27r, ~r. H0wever, if a = 0, 1/2 % ~r, it is easy to see that 

(h~ • -~ ]/~ G0a, ~OG = 0 
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